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Quantum transport can be simulated with ultracold atoms by employing spin superpositions
of fermions interacting with spin-dependent potentials. Here we first extend this scheme to an
arbitrary number of spin components so as to simulate transport through a multiterminal quantum
dot, deriving a current formula in terms of potential phase shifts, and then show that a Fano
resonance manifests itself in measuring a linear conductance at low temperature. We also study
consequences of a weak interparticle interaction on quantum transport in one dimension, finding
that the conductance vanishes for an attractive interaction due to a bulk spin gap, while it for a
repulsive interaction is enhanced by a power law with lowering the temperature or the chemical
potential difference.
I. INTRODUCTION
Quantum simulation, studying conventionally inacces-
sible quantum problems with controllable quantum sys-
tems [1], has been one of the mainstreams in ultracold
atom physics [2, 3]. As a celebrated example, the Fermi-
Hubbard model has been studied by loading fermionic
atoms onto an optical lattice with a tunable interparti-
cle interaction, which promises to provide insights into
high-temperature superconductors in condensed matter
physics [4]. More recently, considerable interest has been
devoted to simulating lattice gauge theories underlying
elementally particle physics [5, 6].
The spectrum of quantum phenomena that can be
simulated with ultracold atoms has been significantly
broadened by the idea of synthetic dimensions, which
regards internal degrees of freedom such as spins as spa-
tial degrees of freedom [7, 8]. Consequently, quantum
Hall physics in two dimensions was successfully simulated
with multicomponent atoms in a one-dimensional optical
lattice [9, 10] and its extensions even toward four and
higher dimensions were studied theoretically [11–14].
Another application of regarding spins as spatial de-
grees of freedom may be mesoscopic quantum transport
proposed in Ref. [15] (see Sec. V therein). Here two spin
superposition states of fermions play the role of “left” and
“right” leads in quantum dot experiments and their inter-
actions with spin-dependent potentials cause transports
of particle numbers between the two degrees of freedom.
This scheme allows us to study the nonequilibrium or-
thogonality catastrophe and full-counting statistics [16],
which is challenging in condensed matter experiments.
The same scheme was also adopted as a transport mea-
surement to probe the orbital Kondo effect realized with
ultracold atoms [17, 18].
The purpose of this paper is to extend the above idea
of simulating quantum transport with ultracold atoms in
two directions. One direction studied in Sec. II is incor-
porating an arbitrary number of spin components so as
to simulate transport through a multiterminal quantum
dot. Such simple versatility is one advantage of our spin-
space transport, which serves as a complement to the
delicately designed real-space transport [19]. The other
direction studied in Sec. III is incorporating a weak in-
terparticle interaction between two spin components of
fermions. The latter is particularly relevant to ultracold
atom experiments because, unlike quantum dot experi-
ments where the left and right leads are spatially sepa-
rated, the two spin superposition states occupy the same
space so as to interact with each other through a short-
range potential. Finally, our conclusions are summarized
in Sec. IV.
II. QUANTUM TRANSPORT
We first describe the scheme to simulate quantum
transport with ultracold atoms by employing spin su-
perpositions of fermions interacting with spin-dependent
potentials [15, 16, 18]. In particular, we extend this
scheme to an arbitrary number of spin components so as
to simulate transport through a multiterminal quantum
dot [20, 21].
A. Multiple channels
To set notations employed below, we consider N -
component fermions in d spatial dimensions, whose anni-
hilation and creation operators satisfy {ψσ(x), ψ†τ (y)} =
δστδ(x−y). We also introduce annihilation and creation
operators on a different basis related by a unitary trans-
formation,
ψα(x) =
∑
σ
Uασψσ(x), ψ
†
β(y) =
∑
τ
ψ†τ (y)U
†
τβ , (1)
which satisfy the same anticommutation relation. We as-
sume that ψσ diagonalizes the interaction potential ma-
trix and refer to its index σ = 1, 2, . . . , N as spin. On
the other hand, we choose ψα to diagonalize the chemical
potential matrix and refer to its index α = 1, 2, . . . , N as
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2channel. Quantities on different bases are to be distin-
guished by their indices. The second-quantized Hamilto-
nian on the spin basis then reads
H =
∑
σ
∫
dxψ†σ(x)
[
−∇
2
2m
+ Vσ(x)
]
ψσ(x), (2)
where m is the mass of fermions and the spin-dependent
single-particle potential Vσ(x) created either by an impu-
rity atom or by an external field can be turned on and off
at will. The interparticle interaction is neglected in this
section and we set ~ = kB = 1 throughout this paper.
We suppose that the single-particle potential is ini-
tially turned off. By applying spin rotations of |σ〉 →
|α〉 = ∑σ |σ〉U†σα transforming each spin state into some
superposition state, the system can be prepared at a ther-
modynamic equilibrium with temperature T and chemi-
cal potential µα for each channel,
〈ψ˜†α(p)ψ˜β(q)〉0 = δαβδpqfT (p − µα), (3)
where ψ˜α(p) = L
−d/2 ∫ dx e−ip·x ψα(x) is the Fourier
transform in a periodic box of linear size L, p = p
2/2m
is the energy of free fermions, and fT () = 1/(e
/T + 1)
is the Fermi-Dirac distribution function. We then turn
on the single-particle potential adiabatically, so that the
system is now governed by
H =
∑
α,β
∫
dxψ†α(x)
[
−∇
2
2m
δαβ + Vαβ(x)
]
ψβ(x), (4)
with Vαβ(x) ≡
∑
σ UασVσ(x)U
†
σβ . Because the single-
particle potential on the channel basis generally has off-
diagonal elements, it causes transports of particle num-
bers between different channels.
When the interparticle interaction is absent, the trans-
ported particle number per unit time, i.e, current, can
be computed exactly. According to the scattering theory
in quantum mechanics [22], the transition rate from one
state |i〉 to another |f〉 is provided by
dPi→f
dt
= |〈f |Tˆ |i〉|2 2piδ(i − f ). (5)
Here Tˆ is the transition operator, which at scattering
energy  satisfies
Tˆ = Vˆ + Vˆ 1
− Hˆ0 + i0+
Tˆ , (6)
with the single-particle Hamiltonian decomposed into
Hˆ = Hˆ0 + Vˆ.1 Therefore, by taking into account the
1 If Tˆ is replaced by Vˆ in the first-order Born approximation,
Eq. (5) is reduced to Fermi’s golden rule.
occupation of each momentum state as well as the re-
verse transition process, the net current flowing from one
channel α to another β is expressed by
Iα→β =
∑
p,q
|〈βq|Tˆ |αp〉|2 2piδ(p − q)
× [fT (p − µα)− fT (q − µβ)]. (7)
Needless to say, a positive current flows from majority to
minority channels under the population imbalance.
Because both the kinetic and potential energy opera-
tors are diagonal on the spin basis, the transition opera-
tor is also diagonalized by
〈βq|Tˆ |αp〉 =
∑
σ
Uβσ〈σq|Tˆ |σp〉U†σα. (8)
In particular, when the single-particle potential is spher-
ically symmetric, Vσ(x) = Vσ(|x|), the matrix element
of 〈σq|Tˆ |σp〉 depends only on the scattering energy p
and the relative angle between the incoming and outgo-
ing momenta, cosχpq ≡ p · q/|p||q|, so that it can be
expanded as
〈σq|Tˆ |σp〉
=

∑
`=0,1
(cosχpq)
`T `σ (p) (d = 1),∑
`=0,1,2,...
(2− δ`0) cos(`χpq)T `σ (p) (d = 2),∑
`=0,1,2,...
(2`+ 1)P`(cosχpq)T `σ (p) (d = 3).
(9)
Here ` = 0, 1 for d = 1 refer to even and odd parity,
respectively, ` ∈ N for d = 2, 3 is an orbital angular
momentum, and the transition matrix element in each
partial-wave sector is related to the potential phase shift
according to
LdT `σ (p) =

i|p|
2m
[
e2iδ
`
σ(p) − 1
]
(d = 1),
i
m
[
e2iδ
`
σ(p) − 1
]
(d = 2),
ipi
m|p|
[
e2iδ
`
σ(p) − 1
]
(d = 3).
(10)
By substituting the resulting expression of 〈βq|Tˆ |αp〉
into Eq. (7), the current in the infinite volume limit is
found to be
Iα→β =
∑
`
N`
2pi
∫ ∞
0
d
∣∣∣∣∑
σ
Uβσe
2iδ`σ()U†σα
∣∣∣∣2
× [fT (− µα)− fT (− µβ)], (11)
where the orbital degeneracy factor reads N` = 1 for
d = 1, N` = 2 − δ`0 for d = 2, and N` = 2` + 1 for
d = 3. This formula corresponds to the current through
a multiterminal quantum dot [23]. The characteristics
3of “quantum dot” in our scheme are controlled by the
spin rotation matrix as well as the spin-dependent single-
particle potential through its phase shift.2
B. Two channels
If we specialize to the case of N = 2, the current for-
mula can be further simplified. Because the most general
2× 2 unitary matrix is
U = eiζ
(
eiη cos ϑ2 e
iϕ sin ϑ2
−e−iϕ sin ϑ2 e−iη cos ϑ2
)
, (12)
Eq. (11) is reduced to
I+→− =
∑
`
N`
2pi
∫ ∞
0
d sin2 ϑ sin2[δ`↑()− δ`↓()]
× [fT (− µ+)− fT (− µ−)], (13)
where the spin and channel indices are labeled by σ = ↑, ↓
and α = +,−, respectively, playing the role of left
and right leads in quantum dot experiments. Therefore,
“quantum dot” in our scheme is now characterized only
by the difference between the two phase shifts and the su-
perposition weight. The latter ϑ = Ωt can be controlled
by the Rabi frequency Ω and the duration t of applying
a resonant laser field coupling the two spin states and
the transport is optimized for ϑ = pi/2 corresponding to
equally weighted superpositions.
The linear conductance at zero temperature is then
provided by
G ≡ lim
T,∆µ→0
I+→−
∆µ
=
∑
`
N`
2pi
sin2 ϑ sin2[δ`↑(F )− δ`↓(F )], (14)
where F = k
2
F /2m > 0 is the Fermi energy and ∆µ is
the chemical potential difference with µ± = F ±∆µ/2.
In ultracold atom experiments, the transport relaxes the
population imbalance toward zero and the linear conduc-
tance is measurable by monitoring
∆N(t) = e−(2G/κ)t ∆N(0), (15)
2 From the solution to the radial Schro¨dinger equation,[
− d
2
dr2
− d− 1
r
d
dr
+
`(`+ d− 2)
r2
+ 2mVσ(r)
]
Ψ(r) = k2Ψ(r),
satisfying limr→0 Ψ(r) ∝ rl, the phase shift at  = k2/2m is
extracted according to
tan δ`σ() = limr→∞
kJ ′` (kr)− J`(kr)Ψ′(r)/Ψ(r)
kY ′`(kr)− Y`(kr)Ψ′(r)/Ψ(r)
,
where J`(x) ≡ x1−d/2J`−1+d/2(x) and Y`(x) ≡
x1−d/2Y`−1+d/2(x) are defined in terms of the Bessel functions
of first and second kinds.
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FIG. 1. Upper panel: Model potential V↑(r) in Eq. (16) for
ν = 0.5 (dotted), ν = 1.0 (dashed), and ν = 1.5 (solid).
The horizontal lines indicate resonance energies at which
δ`↑() = pi/2 (mod pi) is crossed for ` = 0. Lower panel: Zero-
temperature linear conductance G in Eq. (14) multiplied by
2pi for d = 1 with ϑ = pi/2 as a function of ν. The dotted
curve indicates the non-resonant contribution from ` = 1.
where ∆N = N+ − N− is the particle number differ-
ence and κ ≡ ∆N/∆µ = −∑p f ′T (p − F ) is the com-
pressibility [19]. As a simple demonstration, we consider
single-particle potentials of V↓(r) = 0 and
V↑(r) = 5F
[
e−(kF r)
2 − ν e−(2kF r)2
]
, (16)
which consisting of an outer repulsive barrier and an in-
ner attractive well models a quantum dot and can be
created by superimposing two focused laser fields. The
linear conductance at zero temperature is then computed
for d = 1 with ϑ = pi/2 as shown in Fig. 1. Here a Fano
resonance is found with increasing ν so that the reso-
nance energy crosses the Fermi energy (ν ≈ 1.2), where
the conductance per each partial wave reaches the max-
imal value of G` = N`/2pi allowed by the unitarity.
III. INTERACTION EFFECTS
Unlike quantum dot experiments where the left and
right leads are spatially separated, fermions of different
4channels in our scheme occupy the same space so as to
interact with each other through a short-range potential:3
Hint =
g
2
∑
α,β
∫
dxψ†α(x)ψ
†
β(x)ψβ(x)ψα(x). (17)
A weak interparticle interaction for d = 3 is negligible in
the dilute limit because it is irrelevant, while it may not
be the case in lower dimensions. Here we study conse-
quences of a weak interparticle interaction on quantum
transport for d = 1 in the case of N = 2, which is facil-
itated by employing the bosonization and the renormal-
ization [24, 25].
A. Bosonization
Low-energy physics in one dimension is dominated by
excitations about the left and right Fermi points. With
the fermion annihilation operator expanded as
ψα(x) ' e−ikF xψαL(x) + eikF xψαR(x), (18)
the local potential term of Eq. (4) is decomposed into
Hpot '
∑
α
uα
[
ψ†αL(0)ψαL(0) + ψ
†
αR(0)ψαR(0)
]
+
∑
α
u¯α
[
ψ†αL(0)ψα¯L(0) + ψ
†
αR(0)ψα¯R(0)
]
+
∑
α
wα ψ
†
αR(0)ψαL(0) + h.c.
+
∑
α
w¯α ψ
†
αR(0)ψα¯L(0) + h.c.. (19)
Here the four kinds of terms with α¯ ≡ −α correspond
to forward (uα, u¯α) and backward (wα, w¯α) scatter-
ings without (uα, wα) and with (u¯α, w¯α) channel tran-
sitions. The coupling of each scattering process is pro-
vided by uα = V˜αα(0), u¯α = V˜αα¯(0), wα = V˜αα(2kF ),
and w¯α = V˜αα¯(2kF ), where V˜αβ(p) =
∫
dx e−ipx Vαβ(|x|)
is the Fourier transform of the single-particle potential.
In particular, it is u¯α and w¯α that cause transports of
particle numbers between different channels. We note
that, if the interparticle interaction was absent, the zero-
temperature linear conductance to their lowest order in
perturbation would be
G =
|u¯α|2 + |w¯α|2
piv2F
(g = 0), (20)
which readily follows from Eq. (7) with vF = kF /m being
the Fermi velocity.4
3 This interaction Hamiltonian invariant under spin rotation takes
the same form both on the spin and channel bases and does not
cause undesired bulk transports between different channels.
4 Because of u¯∗α = u¯α¯ and w¯∗α = w¯α¯, |u¯α|2 and |w¯α|2 are actually
independent of α = ±.
On the other hand, the standard bosonization for-
mula [26],
ψ±L =
F±L√
2pia
ei[(θc(x)+φc(x))±(θs(x)+φs(x))]/
√
2, (21a)
ψ±R =
F±R√
2pia
ei[(θc(x)−φc(x))±(θs(x)−φs(x))]/
√
2, (21b)
brings the bulk Hamiltonian into H0 + Hint ' Hc + Hs
so as to separate the charge sector,
Hc =
vc
2pi
∫
dx
[
Kc(∇θc(x))2 + 1
Kc
(∇φc(x))2
]
, (22)
and the spin sector,
Hs =
vs
2pi
∫
dx
[
Ks(∇θs(x))2 + 1
Ks
(∇φs(x))2
]
+
2g
(2pia)2
∫
dx cos[
√
8φs(x)]. (23)
Here θc/s and φc/s are the boson fields associated with
phase and density fluctuations, respectively, F±L/R is the
Klein factor, and a ∼ k−1F is a short-distance cutoff scale,
while the charge/spin velocity and Tomonaga-Luttinger
parameter are provided by vc/s = vF
√
1± g/pivF and
Kc/s = 1/
√
1± g/pivF , respectively.
B. Renormalization
Because the local potential Hamiltonian does not af-
fect the bulk properties, the renormalization of the sine-
Gordon Hamiltonian remains the same [26]. In partic-
ular, for an attractive interaction g < 0 with Ks < 1,
the cosine term of Eq. (23) is relevant and thus opens
up a spin excitation gap of ∆s ∝ F epivF /g at weak cou-
pling [27]. Consequently, the transport between different
channels is suppressed,
G→ 0 (g < 0), (24)
in the low-energy limit T,∆µ  ∆s because the bulk
turns into a spin insulator.
On the other hand, for a repulsive interaction g > 0
with Ks > 1, the cosine term of Eq. (23) is irrelevant
and g is thus renormalized toward zero in the low-energy
limit, where a fixed point of Ks → K∗s = 1 is reached for
interactions invariant under spin rotation [26]. Therefore,
a spin excitation remains gapless so as to allow for the
transport between different channels.
To gain further insight, we then study the renormal-
ization of the local potential Hamiltonian. By denoting
each fermion bilinear operator in Eq. (19) as O(0), its
scaling dimension ∆O is extracted from the correlation
function according to
〈O†(x)O(0)〉 ∝ 1
a2
(
a2
x2
)∆O
. (25)
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FIG. 2. “Phase diagram” in the plane of Kc and K
∗
s where
the upper (lower) shaded region indicates w¯α (wα) being rel-
evant, while it is irrelevant elsewhere. u¯α is marginal on the
horizontal dashed line and irrelevant elsewhere.
Such correlation functions with respect to the bulk
Hamiltonian Hc + Hs|g→0,Ks→K∗s at the fixed point can
be computed by bosonizing O with Eq. (21) as detailed
in Ref. [26]. Consequently, ∆O = 0, (K∗s + 1/K
∗
s )/2,
(Kc + K
∗
s )/2, and (Kc + 1/K
∗
s )/2 are found for O =
ψ†αLψαL, ψ
†
αLψα¯L, ψ
†
αRψαL, and ψ
†
αRψα¯L, respectively.
Because each coupling has a dimension of 1 − ∆O, its
renormalization group equation up to the linear order is
provided by
duα
dl
= uα, (26)
du¯α
dl
=
1
2
(
2−K∗s −
1
K∗s
)
u¯α, (27)
dwα
dl
=
1
2
(2−Kc −K∗s )wα, (28)
dw¯α
dl
=
1
2
(
2−Kc − 1
K∗s
)
w¯α. (29)
Therefore, we find that uα is relevant, u¯α is marginal
for K∗s = 1 but otherwise irrelevant, and wα and w¯α are
relevant for the parameter regions indicated in Fig. 2.
In particular, w¯α responsible for quantum transport
is found to be relevant for a repulsive interaction with
Kc = 1 − g/2pivF < 1 and K∗s = 1, so that it grows
toward the low-energy limit as
w¯α(l) = e
(g/4pivF )l w¯α. (30)
By running the renormalization down to the scale of tem-
perature, T = e−lF , the linear conductance is domi-
nated by
G ∝ |w¯α(l)|
2
v2F
→
(F
T
)g/2pivF |w¯α|2
v2F
(g > 0), (31)
which is enhanced by the power law with lowering the
temperature in the range of ∆µ T  F . On the other
hand, T in Eq. (31) is to be replaced by ∆µ in the range
of T  ∆µ  F , where the zero-temperature conduc-
tance in turn exhibits the nonlinear current-voltage char-
acteristic. Such stimulated transport may be understood
because the bulk spin-density-wave quasiorder tends to
locally increase the population imbalance between differ-
ent channels.
IV. CONCLUSIONS
In this paper, we studied quantum transport simulated
with ultracold atoms by employing spin superpositions
of fermions interacting with spin-dependent potentials.
This scheme was first extended to an arbitrary number
of spin components so as to simulate transport through
a multiterminal quantum dot, where the current formula
was derived in terms of potential phase shifts [Eq. (11)].
We then showed that a Fano resonance manifests itself
in measuring a linear conductance at low temperature
with deforming the single-particle potential so that the
resonance energy crosses the Fermi energy (Fig. 1).
We also studied consequences of a weak interparticle
interaction on quantum transport in one dimension. De-
pending on whether the interparticle interaction is at-
tractive, vanishing, or repulsive, the conductance in the
low-energy limit T,∆µ  F was found to exhibit the
three distinct behaviors of
G→

0 (g < 0),
const (g = 0),
max(T,∆µ)−g/2pivF (g > 0),
(32)
according to Eqs. (24), (20), and (31), respectively.
Therefore, while the conductance vanishes for an attrac-
tive interaction due to the bulk spin gap, it for a repulsive
interaction is enhanced by the power law with lowering
the temperature or the chemical potential difference. Be-
cause the linear conductance is measurable in ultracold
atom experiments [Eq. (15)], our findings here are hope-
fully to be observed in future experiments.
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